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Extensions of groups by weighted Steiner loops
A´gota Figula and Karl Strambach
Abstract
Solving functional equations given in [11] for extensions of a group
A by a weighted Steiner loop S we obtain concrete description for
all loops with interesting weak associativity properties if the Steiner
loop S induces only the trivial automorphism on A. We show that the
restricted Fischer groups and their geometry play an important role for
loop extension with right alternative property. Also the automorphism
groups of these extensions as well as the conditions for isomorphisms
between two extensions are studied.
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1 Introduction
The extension theory in the category of groups is a classical part of group
theory which by means of cohomology archieved a satisfactory form of high
aesthetic value (cf. [5], Kap. I, § 14 and § 16, [7], Chap. XII, [9]).
In [11] the authors investigate thoroughly a variation of extensions which
yields loops as extensions of groups by loops such that these extensions are
the most natural generalization of Schreier’s extension theory for groups.
These extensions of groups A by loops S are given by two equations describ-
ing the action of S on A.
Special types of extensions of groups of order 2 by Steiner loops play
an important role in code theory (cf. [4], [6]). In [14] the authors study
extensions of groups of order 2 by Steiner loops such that the corresponding
Steiner triple system has an orientation.
Calling a Steiner loop S equipped with a function h : S \{e} → A, where
e is the identity element of S and A is a group, a weighted Steiner loop we
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study in this paper Schreier extensions L of groups A by weighted Steiner
loops (S, h) such that for the factor system f : S×S → A one has f(x, y) =
h(x)h(y) for all x, y ∈ S\{e} and S induces only the trivial automorphism on
A. We call such extensions L Steiner-like loops. In general, these loops are
power-associative but do not satisfy any other associativity condition. To
obtain Steiner-like loops which have some stronger associativity properties
we have to decide in which groups the functional equations described in [11]
have solutions and determine them explicitly. In this way we can describe all
Steiner-like loops with interesting weak associative properties. To construct
such Steiner-like loops one needs in the most cases that the group generated
by the set {f(x, y); x, y ∈ S} is contained in the centre of A. Only the
cross inverse or the automorphic inverse property of L force the group A
to be abelian. In contrast to this Steiner-like loops satisfying the right Bol
identity can be also constructed choosing A a finite simple group having
elements of order four (p. 18).
For all loops considered in this paper the group D generated by the
set {h(x);x ∈ S \ {e}} is abelian except the loops satisfying only the right
alternative or the right inverse property. In this case if the Steiner loop S
is finite, then the factor group DV/V , where V is a cyclic subgroup of A,
is a restricted Fischer group. In contrast to this, if the group D is abelian,
the Steiner loop S has more than four elements and the values f(x, x) are
determined by the values of the non-constant function h, then D has rank
two and one generator is an involution. Moreover, S is the direct product
of Z2 and a subloop of index 2.
The group Gr generated by all right translations of a Steiner-like loop
L is an extension of the group A by the group Σ generated by the set
{ρ(a,1); a ∈ S} (Proposition 8.2). The analogous assertion holds for the
group Gl generated by all left translations of a Steiner-like loop L if and only
if the set {f(x, y); x, y ∈ S} is contained in the centre of A (Proposition
8.3).
Also the automorphism groups of Steiner-like loops as well as the condi-
tions for the isomorphisms between two Steiner-like loops are studied.
2 Preliminaries
A set L with a binary operation (x, y) 7→ x · y is called a loop if there exists
an element e ∈ L such that x = e · x = x · e holds for all x ∈ L and the
equations a · y = b and x · a = b for any given a, b ∈ L have precisely one
solution which we denote by y = a\b and x = b/a.
The subloop L′ generated by all associators and all commutators of a
loop L is called the derived subloop of L. As for groups the loop L′ is the
smallest subloop of L such that L/L′ is an abelian group.
The left, right and middle nucleus, respectively, of a loop L are the
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subgroups of L which are defined in the following way:
Nl = {u; ux · y = u · xy, x, y ∈ L}, Nr = {w; x · yw = xy · w, x, y ∈ L}
and Nm = {v; xv · y = x · vy, x, y ∈ L}.
The intersection N = Nl ∩Nr ∩Nm is called the nucleus of L. The centre
Z of a loop L is the largest subgroup of N such that zx = xz for all x ∈ L,
z ∈ Z.
The left translations λa : y 7→ a · y : L → L as well as the right transla-
tions ρa : y 7→ y · a : L→ L are bijections of L for any a ∈ L.
A loop L is flexible if
(x · y) · x = x · (y · x) (2.1)
holds for all x, y ∈ L. A loop L is left alternative, respectively right alter-
native if
x · (x · y) = (x · x) · y, (2.2)
respectively
(y · x) · x = y · (x · x) (2.3)
holds for all x, y ∈ L. A loop L satisfies the left inverse, respectively the
right inverse, respectively the cross inverse property if for all x, y ∈ L
xλ · (x · y) = y, (2.4)
respectively
(y · x) · xρ = y, (2.5)
respectively
(x · y) · xρ = y (2.6)
holds with xλ = e/x, xρ = x\e. If a loop L satisfies the left or the right
inverse property, then one has xλ = xρ and we denote this element x−1. A
loop L has the automorphic inverse property if the identity
(x · y)−1 = x−1 · y−1 (2.7)
holds for all x, y ∈ L. A loop L satisfies the weak inverse property if for
x, y, z ∈ L one has
x · (y · z) = e whenever (x · y) · z = e. (2.8)
A loop L is a left, respectively a right Bol loop if
[x · (y · x)] · z = x · [y · (x · z)], (2.9)
respectively
z · [(x · y) · x] = [(z · x) · y] · x (2.10)
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holds for all x, y, z ∈ L. A loop L which has the left and the right Bol
identity is called a Moufang loop.
A Steiner triple system (S, T ) is an incidence structure consisting of a set S
of points and a set T of blocks such that two distinct points are contained
in precisely one block and every block has precisely three points. A finite
Steiner triple system with n points exists if and only if n ≡ 1 or 3 (mod 6)
(cf. [8], V.1.9 Definition, p. 124).
A loop L is called a Steiner loop, if it is totally symmetric, i.e. if x·y = y·x
and x · (x · y) = y hold for all x, y ∈ L. Putting y = e into the last identity
we have x2 = e for all x ∈ L. Hence a Steiner loop is a commutative loop of
exponent 2 with the inverse property and the bijections λa = ρa, a ∈ L, are
involutions (see [8], Chap. V.).
With a Steiner triple system (S, T ) is associated a Steiner loop (S(S), ◦)
such that the elements of S(S) \ {e}, where e is the identity of S(S), are
the points of the Steiner triple system (S, T ), the product a ◦ b is the third
point of the line determined by a, b and a ◦ a = e for all a ∈ S(S).
Definition 2.1. A weighted Steiner loop (S, h) is a Steiner loop S and a
map h : S \ {e} → A, where A is a group.
A restricted Fischer group is a pair (G,E) consisting of a group G and
a system of generators E ⊂ G satisfying the following conditions:
(i) For all x ∈ E one has x2 = 1.
(ii) For all x, y ∈ E we have (xy)3 = 1 and xyx ∈ E (cf. [10], p. 20).
3 Extensions of loops
Let S be a loop and A be a group. In [11] are considered loop extensions
1 −→ A −→ L −→ S −→ e
such that the multiplication in the loop L, which is realized on the set S×A,
is given by
(x, ξ)(y, η) = (xy, f(x, y)ξη), (3.1)
where f is a map from S × S to A with f(x, e) = f(e, y) = 1 ∈ A for all
x, y ∈ S. The identity element of the loop L is (e, 1).
The left inverse of (x, ξ) ∈ L is (x−1, f(x−1, x)−1ξ−1) and the right inverse
of (x, ξ) is (x−1, ξ−1f(x, x−1)−1) such that x−1 = x\e = e/x in S. Hence in
the loop L the left inverse of any element coincides with the right inverse
if and only if f(x−1, x) = ξ−1f(x, x−1)ξ for all x ∈ S and ξ ∈ A (cf. [11],
Proposition 3.3, p. 762).
The group A is contained in the middle and in the right nucleus of L. It
is contained in the left nucleus and hence in the nucleus of L if and only if
f(x, y) are elements of the centre of A for all x, y ∈ S (cf. [11], Proposition
3.2. (i), p. 762).
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Remark 3.1. A loop L of type (3.1) is a central extension of A by the loop
S if and only if A is commutative (cf. [11], p. 762). The loop L is the direct
product of A and S if and only if f(x, y) = 1 for all x, y ∈ S.
Construction: Let ∆ be the group generated by the set {f(x, y); x, y ∈ S}.
If ∆ is central in A, then A is a central extension of ∆ by a group B
and the multiplication of A on the set B ×∆ is given by (r1, s1)(r2, s2) =
(r1r2, s1s2k(r1, r2)), where the map k : B × B → ∆ is a factor system ([5],
Satz 14.1, p. 86). The group ∆ is also a central subgroup of the loop L.
Hence L is the direct product of A and the smallest subloop of L containing
∆ and S with amalgamated subgroup ∆. The multiplication of L on the set
S ×B ×∆ is given by
((a1, 1)(e, ρ1)(e, σ1))((a2, 1)(e, ρ2)(e, σ2)) =
(a1a2, 1)(e, ρ1ρ2)(e, σ1σ2f(a1, a2)k(ρ1, ρ2)), (3.2)
where ai ∈ S, ρi ∈ B, σi ∈ ∆, i = 1, 2.
If S is a group, then L is also a group precisely if f : S × S → ∆ is a factor
system for S. From this it follows:
Remark 3.2. If the loop S = {e, a} and f(a, a) is contained in the centre
of A, then the loop L of type (3.1) is a group.
Since extensions of type (3.1) do not allow a classification in this paper we
treat a particularly simple type of extensions (3.1).
Definition 3.3. Let A be a group and let (S, h) be a weighted Steiner loop.
A Steiner-like loop is an extension (3.1) such that for the map f : S×S → A
one has f(x, y) = h(x)h(y) for all x, y ∈ S \ {e} and x 6= y.
Since S is a Steiner loop we have x−1 = x and f(x−1, x) = f(x, x).
Hence the left inverse of an element of L coincides with the right inverse
if and only if the set {f(x, x); x ∈ S} is contained in the centre of A. A
Steiner-like loop L is commutative if and only if A is commutative.
A Steiner-like loop is power-associative precisely if the set {f(x, x); x ∈
S} is contained in the centre of A. In general, if S is a finite Steiner loop with
n elements and if we take for the group A an extension of an abelian group Z
by a finitely generated group D, then mapping x 7→ h(x), x ∈ S \{e}, where
h(x) is a generator of D, we obtain a Steiner-like loop L, if the number of
the generators of D does not exceed n − 1 and the set {h(x);x ∈ S \ {e}}
contains a set of generators of D.
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4 Restricted Fischer groups and weighted Steiner
triple systems
Definition 4.1. Let (S, T ) be a finite Steiner triple system and G be a
group generated by a set I of involutions. If w is a mapping from S onto I
such that
w(x)w(y)w(x) = w(xy), (4.1)
where x, y and xy are points of a block t of T , then we say that (S, w,I) is
a weighted Steiner triple system.
The group generated by w(x) and w(y) for different points x and y is
according to (4.1) either the group of order 2 or the symmetric group of order
6. If for any two points x and y the group 〈w(x), w(y)〉 is abelian, then G is
isomorphic to Z2. Let t = 〈x, y, z〉 be a block of T such that 〈w(x), w(y)〉 is
the symmetric group of order 6. Let V1, · · · , Vk be the maximal sets of points
in S having the values w1, · · · , wk and one has I = {w1, · · · , wk}. Because
of (4.1) the sets Vi form Steiner triple subsystems (which can be also points)
such that wai = wi for all points ai ∈ Vi and Vi ∩ Vj = ∅. Moreover, one
has wiwj 6= wjwi for all i 6= j and hence the group 〈wi, wj〉 for all i 6= j
is the symmetric group of order 6. For the elements of the set I one has
o(wiwj) = 3 and wiwjwi ∈ I. Hence G is a restricted Fischer group with I
as a set of generators ([10], p. 20). The Fischer space L(I) corresponding to
the Fischer group G has as points the elements of I and as lines the triples
{wi, wj , wiwjwi} for all i 6= j ∈ I ([1], p. 92). The number of elements of I
is 3k. According to [1], p. 94, the Fischer space L(I) is a Hall system, i.e.
any three non-collinear points of I generates the affine plane of order 3 and
the group G consists of automorphisms of L(I). Let ϕ : S → L(I) be the
mapping x 7→ w(x). Then ϕ is a homomorphism of Steiner triple systems
since for the points x, y, xy of a block t one has either w(x) = w(y) = w(xy)
or w(x), w(y), w(xy) are different points of a block in L(I).
Conversely, let G be a restricted Fischer group generated by a set I of
involutions. Let L(I) be the corresponding Fischer space. We call a Steiner
triple system S a covering of L(I) if there is an epimorphism ϕ : S → L(I).
Then S is a weighted Steiner triple system with values in I if we put w(x) = r
for all x ∈ ϕ−1(r) and r ∈ L(I). Summarizing the above discussion we
obtain
Theorem 4.2. A Steiner triple system S is a weighted Steiner triple system
such that the group G generated by the set I of involutions w(x), x ∈ S, is
non-abelian if and only if G is a restricted Fischer group and S covers the
Fischer space L(I).
M. Hall is classified all restricted Fischer groups of rank 4 determinating
the largest restricted Fischer group of rank 4. This group has order 2 · 310
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and its homomorphic images of rank 4 give all restricted Fischer groups of
rank 4. By this he obtained also a classification of all Hall systems which
can be generated by four distinct points (see 19, in [1], pp. 94-101).
The simplest cases of coverings of Fischer space arise from epimor-
phisms of affine spaces over the field GF (3). Let G be the semidirect
product of the elementary abelian 3-group (V,+) of order 3s by a group
〈α〉 of order 2 acting on V as x 7→ −x for all x ∈ (V,+). Then G is
a restricted Fischer group such that the Fischer space L(I) correspond-
ing to the set I = {(x, α);x ∈ V } of generating involutions of G is the
affine space over GF (3) of dimension s. The mapping (x1, · · · , xs) 7→
((x1, α), · · · , (xs, α)) is an isomorphism from (V,+) onto L(I). Let W be
the affine space over GF (3) of dimension n with n > s. Then the mapping
τ : (z1, · · · , zn) 7→ (z1, · · · , zs, 0, · · · , 0) is an epimorphism from W onto V .
One has τ−1(z1, · · · , zs) = {(z1, · · · , zs, ys+1, · · · , yn); yl ∈ GF (3), s + 1 ≤
l ≤ n}. Assigning to any element u of τ−1(z1, · · · , zs) the value w(u) =
((z1, α), · · · , (zs, α)) we see that W is a covering of the Fischer space L(I).
Proposition 4.3. Let (S, w,I) be a weighted Steiner triple system such that
the mapping w : S → I, x 7→ wx is bijective and the group G generated by
the set I is non-abelian, then the multiplication ∗ on S defined by x∗y = x·y
for all x 6= y ∈ S and x ∗ x = x gives a distributive symmetric quasigroup.
Proof. By Theorem 4.2 the group G is a restricted Fischer group and the set
I = {wx;x ∈ S} is a set of generators of G. Hence one has wxwywx = wxy.
Since the mapping w : x 7→ wx is bijective we have w
−1(wxy) = x · y = x ∗ y.
The set I is with respect to the multiplication (wx ◦ wy) = wxwywx a
distributive symmetric quasigroup (cf. [2], p. 387). Since w(x ∗ y) = wxy =
wxwywx we have
(wx ◦ (wy ◦ wz)) = wx ◦ (wywzwy) = wx ◦ w(y ∗ z) =
wxw(y ∗ z)wx = w(x ∗ (y ∗ z))
and
((wx ◦ wy) ◦ (wx ◦ wz)) = w(x ∗ y) ◦ w(x ∗ z) =
w(x ∗ y)w(x ∗ z)w(x ∗ y) = w((x ∗ y) ∗ (x ∗ z)).
As (wx ◦ (wy ◦ wz)) = ((wx ◦ wy) ◦ (wx ◦ wz)), then using w
−1 we get that
(S, ∗) is a distributive symmetric quasigroup.
5 Weights of Steiner loops S
Lemma 5.1. Let L be a Steiner-like loop such that the Steiner loop S has
more than 2 elements and the set K = {h(x)h(y); x, y ∈ S \ {e}, x 6= y} is
contained in the centre Z(A) of the group A. Then the group D generated
by the set H = {h(z); z ∈ S \ {e}} is abelian.
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Proof. As h(x)h(y) = z1 ∈ Z(A) and h(y)h(x) = z2 ∈ Z(A) we have h(x) =
z1h(y)
−1 and hence z1 = z2. It follows that the range of the function h is
commutative and hence the group D is abelian.
Lemma 5.2. Let L be a Steiner-like loop. Let D be the group generated by
the set H = {h(z); z ∈ S \ {e}}. We assume that the set F = {f(x, x); x ∈
S} is contained in the centre Z(A) of A. If for all x, y ∈ S \ {e} with x 6= y
the identity
h(x)h(y)h(x)h(xy) = f(x, x)
holds, then the following properties are satisfied:
a) The set {h(x)2; x ∈ S \ {e}} is contained in the centre Z(D) of D.
b) For arbitrary block t = {x, y, xy} of the Steiner triple system (S \ {e}, T )
belonging to L let Ht be the group generated by the set {h(x), h(y), h(xy)}.
Then the following holds:
(i) If the factor group Ht/(Ht ∩Z(D)) is different from the identity, then it
is isomorphic either to S3 or to Z2. If the factor group Ht/(Ht ∩ Z(D)) is
the identity or isomorphic to Z2, then the group Ht is abelian.
(ii) The group D is abelian if and only if for every block t ∈ T the group Ht
is abelian.
Proof. As h(xy)h(x)h(xy)h(y) = f(xy, xy) = h(xy)h(y)h(xy)h(x) one has
h(x)h(xy)h(y) = h(y)h(xy)h(x). (5.1)
Since f(x, x) ∈ Z(A) for all x ∈ S we have
h(x)−1[h(x)h(y)h(x)h(xy)]h(x) = h(x)h(y)h(x)h(xy) = h(y)h(x)h(xy)h(x)
(5.2)
and
h(y)[h(x)h(y)h(x)h(xy)] = [h(x)h(y)h(x)h(xy)]h(y). (5.3)
Using (5.2) on the left hand side of (5.3) and (5.1) on the right hand side of
(5.3) we obtain h(y)2h(x)h(xy)h(x) = h(x)h(y)2h(xy)h(x) or equivalently
h(y)2h(x) = h(x)h(y)2 for all x 6= y ∈ S \ {e}. Hence the assertion a) is
proved.
For elements h(x)Z(D) of D/Z(D) one has h(x)h(y)h(x)h(xy)Z(D) =
Z(D). As
h(xy)h(x)Z(D) = [h(x)h(y)h(x)h(xy)]h(xy)h(x)Z(D) =
h(x)h(y)h(xy)2h(x)2Z(D)
we get h(xy)h(x)Z(D) = h(x)h(y)Z(D). Analogously we have
h(x)h(y)Z(D) = h(xy)h(x)Z(D) = h(y)h(xy)Z(D),
h(y)h(x)Z(D) = h(x)h(xy)Z(D) = h(xy)h(y)Z(D). (5.4)
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Let t be an arbitrary block of (S \ {e}, T ) consisting of points x, y, xy. The
factor group Ht/Zt, where Zt = Ht ∩ Z(D) is generated by the elements
h(x)Zt, h(y)Zt, h(xy)Zt. If h(x)Z(D) = h(y)Z(D) = h(xy)Z(D) = Z(D),
thenHt/Zt is the identity and the groupHt is abelian. If h(x)Z(D) 6= Z(D),
then it follows from a) that h(x)Z(D) is an involution. If all generators are
different involutions, then because of (5.4) we have
[h(x)h(y)]3Zt = h(x)[h(y)h(x)][h(y)h(x)]h(y)Zt =
h(x)h(x)h(xy)h(xy)h(y)h(y)Zt = Zt.
Hence h(x)h(y)Zt generates a group Ψ of order 3 and h(y)h(x)Zt is the
inverse of h(x)h(y)Zt. Moreover, it follows from relations (5.4) that all
three elements h(x)Zt, h(y)Zt, h(xy)Zt invert any element of Ψ. Hence
Ht/Zt is isomorphic to S3. If two generators of Ht/Zt coincide, then Ht/Zt
is isomorphic to the cyclic group of order ≤ 2. As Ht ∩ Z(D) ≤ Z(Ht) in
this case the group Ht = 〈h(x), h(y), h(xy)〉 is abelian and the assertion (i)
is proved.
If for every block t ∈ T the group Ht is abelian, then one has h(x)h(y) =
h(y)h(x) for all x 6= y ∈ S \{e}. Hence the range of h is commutative which
yields that the group D is abelian and the assertion (ii) follows.
Theorem 5.3. Let L be a Steiner-like loop. We assume that the set F =
{f(x, x);x ∈ S} is contained in the centre Z(A) of the group A. Let D be
the group generated by the set H = {h(z); z ∈ S \ {e}}. If S has more than
4 elements, then the following properties are equivalent:
a) For all x, y ∈ S \ {e} with x 6= y the identity
h(x)h(y)h(x)h(xy) = f(x, x) (5.5)
holds.
b) If the group D is abelian, then precisely one of the following cases holds:
(i) For all x ∈ S \ {e} one has h(x) = t, f(x, x) = t4 and D = 〈t〉.
(ii) There is a subloop U of the Steiner loop S such that S is the direct
product of U and Z2 and h(x) = t 6= 1 for all x ∈ U whereas h(y) = tω = ωt
with a fixed involution ω for all y ∈ S \ U . The elements f(x, x) have the
form t4 or t4ω depending whether x ∈ U , respectively x /∈ U . The group D
is the direct product of 〈t〉 and 〈ω〉.
If the group D is non-abelian and the Steiner loop S is finite, then one has
h(x) = uωx = ωxu, where u is a fixed element of A which centralizes any
element of D and for the order o(ωx) of the element ωx of A one
has o(ωx) ≤ 2. For every x ∈ S \ {e} one has f(x, x) = u
4. If Γ is the set
of different involutions in the factor group D〈u〉/〈u〉 = 〈ωx〈u〉, x ∈ S \ {e}〉,
then D〈u〉/〈u〉 is a restricted Fischer group generated by Γ.
The Steiner-like loop L is the direct product of A and S precisely if D has
order ≤ 2.
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Proof. First we assume that identity (5.5) is satisfied. Then we have
h(y)h(x)h(y)h(xy) = f(y, y) (5.6)
and
h(xy)h(y)h(xy)h(x) = f(xy, xy). (5.7)
Moreover, from (5.5) it follows
h(xy) = h(x)−1h(y)−1h(x)−1f(x, x). (5.8)
Putting (5.8) into equation (5.6), respectively into equation (5.7) we obtain
h(x)−1h(y)−1h(x)−1f(x, x) = h(y)−1h(x)−1h(y)−1f(y, y) (5.9)
respectively
h(x)−1h(y)−1h(x)−1f(x, x)h(y)h(x)−1h(y)−1f(x, x) = f(xy, xy). (5.10)
Putting (5.9) into (5.10) we have
h(y)−1h(x)−2h(y)−1f(x, x)f(y, y) = f(xy, xy). (5.11)
Since f(x, x)f(y, y)f(xy, xy)−1 ∈ Z(A) and {h(x)2; x ∈ S \ {e}} ∈ Z(D)
(see Lemma 5.2 a)) equation (5.11) yields
f(x, x)f(y, y)f(xy, xy)−1 = h(x)2h(y)2 = h(y)2h(x)2. (5.12)
From (5.12) it follows
h(xy)2h(y)2 = f(xy, xy)f(y, y)f(x, x)−1, (5.13)
h(x)2h(xy)2 = f(x, x)f(xy, xy)f(y, y)−1, (5.14)
f(xy, xy) = f(x, x)f(y, y)h(x)−2h(y)−2. (5.15)
Putting (5.15) into equations (5.13) and (5.14) we obtain
h(xy)2h(y)2 = f(y, y)2h(x)−2h(y)−2 (5.16)
and
h(xy)2 = f(x, x)2h(x)−4h(y)−2. (5.17)
The substitution of (5.17) in equation (5.16) yields
f(x, x)2h(x)−2 = f(y, y)2h(y)−2. (5.18)
Hence f(x, x)2 = rh(x)2 for all x ∈ S \ {e}, where r is a fixed element of A.
Squaring equation (5.12) and putting there f(x, x)2 = rh(x)2 we have
h(x)2h(y)2h(xy)2 = r or equivalently h(y)2h(xy)2 = rh(x)−2 (5.19)
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for all x 6= y ∈ S \ {e}. Leaving x fixed we obtain for y1 6= y ∈ S \ {e}
h(y1)
2h(xy1)
2 = rh(x)−2. (5.20)
From (5.19) and (5.20) it follows
h(y)2h(y1)
−2 = h(xy1)
2h(xy)−2. (5.21)
Putting z 6= x ∈ S \ {e} into (5.21) we obtain
h(y)2h(y1)
−2 = h(zy1)
2h(zy)−2. (5.22)
Comparing equations (5.21) and (5.22) one has
h(y)2h(y1)
−2 = h(xy1)
2h(xy)−2 = h(zy1)
2h(zy)−2 = s (5.23)
for all x 6= z 6= y 6= y1 ∈ S \ {e}. Interchanging the variables y 6= y1 ∈
S \ {e} we obtain h(y1)
2h(y)−2 = s = h(y)2h(y1)
−2. This yields s2 = 1 and
h(y)4 = h(y1)
4 for all y, y1 ∈ S \{e}. Since h(yy1)
2 = h(y1)
2 = sh(y)2 for all
y1 6= y ∈ S \ {e} using equation (5.19) for y, y1, yy1 we get h(y)
2s2h(y)4 = r
or equivalently h(y)6 = r for all y 6= S \ {e}. Since for all x, y ∈ S \ {e} one
has h(x)6 = h(y)6 and h(x)4 = h(y)4 we obtain h(x)2 = h(y)2 = w. Hence
h(x) = uωx = ωxu with u
2 = w and the order of the element ωx is ≤ 2.
Since h(x) = uωx identity (5.5) gives that f(x, x) = u
4ωxωyωxωxy.
If the function h : S\{e} → A is constant, then h(x) = t for all x ∈ S\{e}
and D = 〈t〉. This gives case (i).
If D is abelian, but the function h is not constant, then D〈u〉 is abelian
and by Lemma 5.2 the set Γ of different involutions in D〈u〉/〈u〉 consists
of the element ω〈u〉 since otherwise for the different involutions ωx, ωy the
factor group Ht/Zt ∼= Z2 × Z2, where Ht = 〈uωx, uωy, uωxy〉 for the line t
joining the points x and y of S \ {e}. As h(x) = uωx with ωx = 1 or ωx = ω
and h is not constant we have u 6= uω and the group D is the direct product
〈u〉 × 〈ω〉 of order ≥ 2.
Since any two points x, y in the Steiner triple system S \ {e} are joined
by a line we have
h(x)h(y)h(xy) = f(x, x)h(x)−1 = f(y, y)h(y)−1 = h(y)h(x)h(xy) = l
for suitable constant l in the abelian group D. As h(x) = u or h(x) = uω
for every x ∈ S \ {e} we get l = u3 or l = u3ω.
Let l = u3. Since the function h is not constant there is a point x ∈ S\{e}
such that h(x) = u. If for all elements z ∈ S \ {e, x} one has h(z) = uω,
then we would have a line t = {z, w, zw} such that h(z)h(w)h(zw) = u3ω.
Now we consider the set ∆ ⊂ S \ {e} such that for every point x ∈ ∆ one
has h(x) = u. The elements ∆∪{e} form a Steiner subloop U of the Steiner
loop S. For the elements z ∈ S \ U one has h(z) = uω and for any two
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elements of S \ U the third point of the joining line lies in U . Identifying
the points of U with the pairs (a, e), a ∈ U , and a point z ∈ S \ U with the
pair (e, z) we see that S is the direct product of U and Z2.
If l = u3ω proceeding analogously we obtain that S is the direct product
of the subloop U and Z2 such that U \ {e} consists of elements z with
h(z) = uω whereas for the elements x of the set S \ U one has h(x) = u.
This yields assertion (ii).
LetD be non-abelian and let Γ be the set of all different involutions in the
factor group D〈u〉/〈u〉 = 〈ωx〈u〉, x ∈ S \ {e}〉. Since any two involutions in
Γ generates the symmetric group S3 (cf. Lemma 5.2) we have f(x, x) = u
4
and the group D〈u〉/〈u〉 is a restricted Fischer group (cf. Theorem 4.2).
Hence the assertion b) follows from a).
Conversely, if D is not abelian, then ωxωyωxωxy = 1 and f(x, x) =
h(x)h(y)h(x)h(xy) = u4. If the group D is abelian and for all x ∈ S \ {e}
one has h(x) = t, then f(x, x) = h(x)h(y)h(x)h(xy) = t4. Depending
whether x ∈ U or x /∈ U we obtain f(x, x) = h(x)h(y)h(x)h(xy) equals to
t4, respectively t4ω.
It follows from Remark 3.1 that the loop L is the direct product of A
and S if and only if ωx = ωy for all x, y ∈ S \ {e}. Then the group D is
abelian and generated by t and ω. For x ∈ U and y ∈ S \ U we obtain
1 = h(x)h(y) = t2ω, whereas for x, z ∈ U we get 1 = h(x)h(z) = t2. Hence
one has ω = 1 and the last assertion of the theorem is proved.
Proposition 5.4. Let L be a Steiner-like loop such that S = {e, x, y, xy}
is the elementary abelian group of order 4. We assume that the set F =
{f(x, x);x ∈ S} is contained in the centre Z(A) of the group A. Let D be
the group generated by the set H = {h(z); z ∈ S \ {e}}. Then properties a)
and b) are equivalent:
a) For all x, y ∈ S \{e} with x 6= y identity (5.5) in Proposition (5.3) holds.
b) If the group D is non-abelian, then it is a product K · 〈a〉, where a = h(x)
and t = h(x)h(y), such that the abelian group K has the form 〈s〉 × Z(D),
where the cyclic group 〈s〉 of order 3 is the commutator subgroup D′ of D,
the group Z(D) is generated by a2 and t3 and a inverts any element of 〈s〉.
If the group D is abelian, then D is generated by three elements h(x) = a,
h(y) = b and h(xy) = c such that a, b and c commute and one has
f(x, x) = al, f(y, y) = bl, f(xy, xy) = cl, (5.24)
where l = abc.
The Steiner-like loop L is the direct product of A and S precisely if the group
D has order ≤ 2.
Proof. We assume that condition a) holds. The group D is generated by the
elements h(x), h(y), h(xy). IfD is not abelian, then according to Lemma 5.2
the set {h(x)2, h(y)2, h(xy)2} is contained in the centre Z(D) of D and the
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factor group D/Z(D) is isomorphic to S3. The group D is generated by the
elements h(x) = a and h(x)h(y) = t such that a2 ∈ Z(D) and t3 ∈ Z(D).
As a−1ta = t−1z with a suitable element z ∈ Z(D) one has t3 = a−1t3a =
t−3z3 and hence z3 = t6. Since a2 ∈ Z(D) we have a−2nt−ra2ntr = 1 and
a−2n−1t−ra2n+1tr = a−1t−ratr = t2rz−r for all n, r ∈ N. As t3 ∈ Z(D) one
has a−1t−3rat3r = 1, a−1t−3r−1at3r+1 = t2z−1, a−1t−3r−2at3r+2 = t4z−2 for
all r ∈ N. Hence the commutator subgroup D′ of D generated by t2z−1 = s
is the cyclic group of order 3 which is not contained in Z(D). Therefore
D′ ∩ Z(D) = {1} and the direct product K = D′ × Z(D) is a normal
subgroup of index 2 in D. Since a2 ∈ Z(D) the element a induces on K
an involution fixing Z(D) elementwise and acting on 〈s〉 by a−1sa = s−1.
Hence D = K · 〈a〉 with K = 〈s〉 ×Z(D) such that Z(D) is generated by a2
and t3.
Conversely, the element h(xy) has the form h(xy) = taz, z ∈ Z(D).
Using h(y) = a−1t and putting f(x, x) = a2z, f(y, y) = t3z, f(xy, xy) =
t3a2z we see that identity (5.5) is satisfied.
If the group D is abelian, then putting h(x) = a, h(y) = b and h(xy) = c
into identity (5.5) we obtain identity (5.24) with l = abc. If identity (5.24)
holds, then identity (5.5) is satisfied.
If the group D is non-abelian, then it contains two non-commuting ele-
ments h(x) = a and h(x)h(y) = t. By Remark 3.1 the loop L is the direct
product of S and A only if t = 1. Since a−1ta = t−1z with a suitable ele-
ment z ∈ Z(D) and a /∈ Z(D) we get a contradiction. Hence the group D
is abelian. In this case the loop L is the direct product of S and A if and
only if a = b = c and for the order o(a) of a one has o(a) ≤ 2. This proves
the last assertion.
Proposition 5.5. Let S be a Steiner loop and A be an abelian group. Let
f be a mapping S × S → A such that for x 6= y ∈ S \ {e} one has f(x, y) =
h(x)h(y) for a mapping h : S \ {e} → A and f(x, e) = f(e, x) = 1 for all
x ∈ S. Then the following assertions are equivalent:
a) For all x, y ∈ S \ {e} and x 6= y the identity
h(x)2h(y)2 = f(x, x)f(y, y)f(xy, xy)−1 (5.25)
holds.
b) If S has more than 4 elements, then the elements h(x) have the form
h(x) = uωx, where u is a fixed element of A and for the order o(ωx) of
the element ωx one has o(ωx) ≤ 2. The elements f(x, x) have the form
f(x, x) = u4ρx such that for the order o(ρx) of the element ρx one has
o(ρx) ≤ 2 and ρxρy = ρxy for all x 6= y ∈ S \ {e}. Let Γ be the set of
the different involutions in {ωx, x ∈ S \ {e}}. The group D〈u〉 is the direct
product 〈u〉 × 〈Γ〉.
If S = {e, x, y, xy} is the elementary abelian group of order 4, then one
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has
h(x) = α, h(y) = β, h(xy) = γ, (5.26)
f(x, x) = α2βγρx, f(y, y) = αβ
2γρy, f(xy, xy) = αβγ
2ρxρy,
where α, β, γ are elements of A, whereas the orders of ρx, ρy are at most 2.
If the Steiner loop S has more than four elements, then the Steiner-like
loop L is the direct product of A and S precisely if the group D is the direct
product 〈u〉 × 〈ω〉 such that for the orders o(u) as well as o(ω) one has
o(u) ≤ 2 and o(ω) ≤ 2 and ρx = 1 for all x ∈ S \ {e}. If S = {e, x, y, xy}
is the elementary abelian group of order 4, then L is the direct product of A
and S precisely if the group D has order ≤ 2 and ρx = 1 for all x ∈ S \ {e}.
Proof. Identity (5.25) is the same as identity (5.12) in the proof of Theorem
5.3. If |S| > 4, then using (5.19) it follows as in the proof of Theorem
5.3 that for all x ∈ S \ {e} one has h(x) = uωx = ωxu, where o(ωx) ≤
2. Since f(x, x)2 = rh(x)2 = u8 one has f(x, x) = u4ρx = ρxu
4, where
o(ρx) ≤ 2. Using this relation identity (5.25) yields that ρxρy = ρxy for
all x 6= y ∈ S \ {e}. Since the group D〈u〉 is generated by D and 〈u〉 we
have D〈u〉 = 〈u〉 × 〈Γ〉, where Γ is the set of the different involutions in
{ωx, x ∈ S \ {e}}.
If S is the elementary abelian group of order 4, then identity (5.19) yields
that for all x ∈ S\{e} one has f(x, x)2 = rh(x)2 with r = h(x)2h(y)2h(xy)2.
Putting h(x) = α, h(y) = β and h(xy) = γ into this relation we get
f(x, x)2 = α4β2γ2, f(y, y)2 = α2β4γ2, f(xy, xy)2 = α2β2γ4.
As the group A is abelian it follows that
f(x, x) = α2βγρx, f(y, y) = αβ
2γρy, f(xy, xy) = αβγ
2ρxy
such that the orders of ρx, ρy, ρxy are at most 2. Moreover, identity (5.25)
gives ρxρy = ρxy. Hence from assertion a) it follows b).
Conversely, if assertion b) is satisfied, then identity (5.25) holds. Hence
a) and b) are equivalent.
By Remark 3.1 the loop L is the direct product of A and S if and
only if f(x, y) = 1 for all x, y ∈ S. First we assume that |S| > 4. Since
h(x)h(y) = u2ωxωy = 1 = h(x)h(xy) = u
2ωxωxy for all x 6= y ∈ S \ {e}
it follows ωx = ω for all x ∈ S \ {e} with o(ω) ≤ 2 and hence u
2 = 1. As
f(x, x) = u4ρx = 1 for all x ∈ S \ {e} we get ρx = 1 for all x ∈ S \ {e}.
If S is the elementary abelian group of order 4, then f(x, y) = 1 for
all x, y ∈ S precisely if α = β = γ such that o(α) ≤ 2 and ρx = 1 for all
x ∈ S \ {e}.
The structure of the group D〈u〉 in Proposition 5.5 differs significantly
from the structure of this group in Theorem 5.3 since we can not use Lemma
5.2.
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6 Elementary properties of Steiner-like loops
Proposition 6.1. A Steiner-like loop L is flexible if and only if the set
{f(x, y);x,
y ∈ S} is contained in the centre of the group A.
Proof. According to Proposition 3.10 in [11], p. 767, the loop L is flexible
if and only if
f(xy, x)f(x, y)ξ = f(x, xy)ξf(y, x) (6.1)
holds for all x, y ∈ S and ξ ∈ A. Putting ξ = 1 into (6.1) one has
f(xy, x)f(x, y) = f(x, xy)f(y, x).
Using this relation identity (6.1) reduces to f(y, x)ξ = ξf(y, x). Hence we
obtain f(x, y) ∈ Z(A) for all x, y ∈ S.
If f(x, y) ∈ Z(A) for all x, y ∈ S, then using the function h we obtain
h(x)h(y) ∈ Z(A). This yields that the range of h is commutative (see
Lemma 5.1) and hence identity (6.1) is true.
In a flexible Steiner-like loop L for any element the left inverse and the right
inverse coincide and the group A is contained in the nucleus of L.
Proposition 6.2. For a Steiner-like loop L the following properties are
equivalent:
a) L is right alternative,
b) L satisfies the right inverse property,
c) the set F = {f(z, z); z ∈ S} is contained in the centre of A and identity
(5.5) of Theorem 5.3 holds.
Proof. For all (x, ξ) and (y, η) of L identity (2.3) holds if and only if the
identity
η−1f(xy, x)f(y, x)η = f(x, x) (6.2)
is satisfied. If x = y we obtain that the set F is contained in the centre of
A. Using for x 6= y the mapping h we obtain with η = h(xy) identity (5.5)
of Theorem 5.3.
The loop L satisfies the right inverse property if and only if for all (x, ξ)
and (y, η) of L identity (2.5) holds, where (x, ξ)ρ is the right inverse of
(x, ξ). Since (x, ξ)ρ = (x, ξ−1f(x, x)−1) identity (2.5) yields again identity
(6.2).
In a right alternative Steiner-like loop L for any element the left inverse and
the right inverse coincide.
Proposition 6.3. For a Steiner-like loop L the following properties are
equivalent:
a) L is left alternative,
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b) L satisfies the left inverse property,
c) the sets F = {f(z, z); z ∈ S} and K = {h(x)h(y); x, y ∈ S \ {e}, x 6= y}
are contained in the centre of A and identity (5.5) of Theorem 5.3 is satisfied.
Proof. For all (x, ξ) and (y, η) of L identity (2.2) holds if and only if the
identity
f(x, xy)ξf(x, y) = f(x, x)ξ (6.3)
is satisfied. Putting in this identity x = y it follows that the set F is
contained in the centre of A. Using for x 6= y the mapping h we obtain
h(x)h(xy)ξh(x)h(y)ξ−1 = f(x, x). (6.4)
For any x and y, x 6= y, the product h(x)h(y) is contained in the centre of
A and hence identity (6.4) reduces to identity (5.5) of Theorem 5.3.
The loop L satisfies the left inverse property if and only if for all (x, ξ)
and (y, η) of L identity (2.4) holds, where (x, ξ)λ is the left inverse of (x, ξ).
Since (x, ξ)λ = (x, f(x, x)−1ξ−1) identity (2.4) yields
ξ−1f(x, y)ξf(x, xy) = f(x, x) (6.5)
for all x, y ∈ S and ξ ∈ A. Therefore the set {f(x, x); x ∈ S} as well as all
products h(x)h(y), x, y ∈ S \ {e} with x 6= y are contained in the centre of
A. Hence identity (6.5) reduces to identity (5.5).
A Steiner-like loop L which has the left inverse property has the inverse
property (Propositions 6.2, 6.3). In a left as well as a right alternative
Steiner-like loop the values f(x, x) are determined by the function h. Any
left alternative Steiner-like loop L is also right alternative.
Proposition 6.4. A Steiner-like loop L satisfies the cross inverse property
if and only if the group A is commutative and identity (5.5) of Theorem 5.3
holds.
Proof. The Steiner-like loop L satisfies the cross inverse property if and only
for all (x, ξ) and (y, η) of L identity (2.6) holds, where (x, ξ)ρ is the right
inverse of (x, ξ). Since (x, ξ)ρ = (x, ξ−1f(x, x)−1) identity (2.6) gives
f(xy, x)f(x, y)ξηξ−1f(x, x)−1 = η
for all x, y ∈ S and ξ, η ∈ A. Putting x = e it follows that the group A is
commutative. Using the function h we obtain f(x, x) = h(x)h(y)h(x)h(xy)
which yields the assertion.
Any Steiner-like loop L satisfying the cross inverse property is commutative,
alternative and has the inverse property.
If L is right alternative or it has the right inverse property and the group
D generated by the set {h(x), x ∈ S\{e}} is not abelian, then L cannot have
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the left inverse property, one has h(x) = uωx with o(ωx) ≤ 2 and the factor
group D〈u〉/〈u〉 is a restricted Fischer group. If the group D is abelian, then
the Steiner-like loop L has neither the left inverse nor the left alternative
property if and only if the set K = {h(x)h(y); x, y ∈ S \ {e}, x 6= y} is not
contained in the centre of A.
Lemma 6.5. A Steiner loop S is a Bol loop if and only if S is an elementary
abelian 2-group.
Proof. Since a commutative right respectively left Bol loop is Moufang (cf.
[8], p. 121) and any Moufang loop of exponent 2 is an elementary abelian
2-group (cf. Proposition 2 in [3], p. 35) the assertion follows.
Theorem 6.6. Let L be a Steiner-like loop such that S has more than 4
elements. Then the following conditions are equivalent:
(i) L is a group.
(ii) S is an elementary abelian 2-group and for all x ∈ S\{e} one has h(x) =
t and f(x, x) = t4, where t is a fixed element of A such that t2 ∈ Z(A).
(iii) L is the direct product of the group A and an abelian group C with
amalgamated cyclic central subgroup ∆ such that the factor group S ∼= C/∆
is an elementary abelian 2-group.
(iv) L is a left Bol loop.
Proof. First we assume that L satisfies the associative law. This is the case
precisely if S is an elementary abelian 2-group and
f(xy, z)f(x, y)ξ = f(x, yz)ξf(y, z) (6.6)
holds for all x, y, z ∈ S and ξ ∈ A. Putting x = e into identity (6.6) one has
f(y, z) ∈ Z(A) for all y, z ∈ S. Hence (6.6) reduces to
f(x, y)f(xy, z) = f(y, z)f(x, yz).
Since the range of h is commutative (cf. Lemma 5.1) this identity yields that
h(x) = t for all x ∈ S\{e}. For x = y we get f(x, x) = h(x)h(z)h(x)h(xz) =
t4 for all x ∈ S \ {e} and h(x)h(y) = t2 ∈ Z(A). Hence property (i) yields
property (ii). Using the Construction in Section 3 from property (ii) we
obtain the assertion (iii). Now we assume that (iii) holds. The multiplication
of L on the set S ×B ×∆ given by (3.2) is associative if and only if
k(ρ1ρ2, ρ3)k(ρ1, ρ2) = k(ρ1, ρ2ρ3)k(ρ2, ρ3)
holds for all ρ1, ρ2, ρ3 ∈ B, where the map k : B×B → ∆ is a factor system
for the group B. From identity (1) of Satz 14.1 in [5] (p. 86) we obtain that
this identity is true and (i) follows.
Clearly from (i) it follows (iv). It remains to prove that if L is a left Bol
loop, then L is a group. If L is a left Bol loop, then S is an elementary
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abelian 2-group (see Lemma 6.5). Moreover, L is left alternative, i.e. the
sets {f(x, x); x ∈ S}, {h(x)h(y); x, y ∈ S \ {e}, x 6= y} are contained in
the centre of A and identity (5.5) of Theorem 5.3 holds (see Proposition
6.3). Hence every left Bol loop is right alternative (cf. Proposition 6.2) and
therefore it is a Moufang loop (cf. Theorem IV.6.9 in [8], p. 116). Then L
satisfies the right Bol identity, i.e. for all (x, α), (y, β), (z, γ) of L identity
(2.10) holds, which reduces to
h(xyz) = h(y)h(xy)h(xz)−1 . (6.7)
Putting z = y into (6.7) we obtain h(x) = h(y) and hence h(x) = t ∈ A for
all x ∈ S \ {e} and f(x, x) = t4, where t is a fixed element of A such that
t2 ∈ Z(A) and the assertion (ii) follows. This completes the proof of the
theorem.
Theorem 6.7. Let L be a Steiner-like loop such that S = {e, x, y, xy} is
the elementary abelian group of order 4. Then the following conditions are
equivalent:
(i) L is a group.
(ii) L is left alternative or it has the left inverse property.
(iii) L is a left Bol loop.
Moreover, L is a commutative group if and only if L has the cross inverse
property.
Proof. Since every left Bol loop is left alternative we have only to prove that
(ii) implies (i). A Steiner-like loop L is left alternative if and only if the sets
{f(x, x); x ∈ S}, {h(x)h(y);x 6= y ∈ S \ {e}} are contained in the centre of
A and identity (5.5) of Theorem 5.3 holds (cf. Proposition 6.3). Using this
if S has only 4 elements, then identity (6.6) trivially holds.
According to Proposition 6.4 the loop L has the cross inverse property
precisely if L is left alternative and the group A is commutative. In this
case L is abelian (see Section 3, p. 5) and the last assertion follows.
Proposition 6.8. Let L be a proper Steiner-like loop.
a) If S = {e, x, y, xy} is the elementary abelian group of order 4, then the
loop L satisfies the right Bol identity if and only if the range of h is com-
mutative, the set {f(x, x); x ∈ S} is contained in the centre Z(A) of A and
identity (5.5) of Theorem 5.3 holds.
b) If the Steiner loop S has more than 4 elements, then the loop L is a
right Bol loop precisely if S is an elementary abelian 2-group and for all
x ∈ S\{e} one has h(x) = t and f(x, x) = t4 with a fixed element t of A,
but t2 /∈ Z(A).
Proof. The loop L is a right Bol loop if and only if the Steiner loop S ∼= L/A
is an elementary abelian 2-group (cf. Lemma 6.5) and for all x, y, k ∈ S and
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α ∈ A identity
f(k, y)αf(xy, x)f(x, y) = f(xyk, x)f(xk, y)f(k, x)α (6.8)
holds. Since every right Bol loop is right alternative, the set {f(x, x); x ∈ S}
is contained in the centre of A and identity (5.5) of Theorem 5.3 holds (cf.
Proposition 6.2). Using the function h, putting k = e and α = h(xy) into
(6.8) we have
h(x)2h(y)h(xy) = h(xy)h(x)2h(y) (6.9)
for all x 6= y ∈ S \ {e}. According to Lemma 5.2 a) we have h(xy)h(x)2 =
h(x)2h(xy) for all x, y ∈ S \ {e}, x 6= y. Hence identity (6.9) reduces to
h(xy)h(y) = h(y)h(xy)
for all x 6= y ∈ S \ {e} which gives that the range of h is commutative.
Therefore if |S| = 4 we have assertion a).
Now we assume that |S| > 4. Interchanging x and k into identity (6.8) we
get
f(x, y)αf(ky, k)f(k, y) = f(xyk, k)f(xk, y)f(x, k)α (6.10)
for all x, y, k ∈ S and α ∈ A. As the range of h is commutative identity
(6.8) reduces to h(y)h(xy) = h(xk)h(xyk) and identity (6.10) reduces to
h(y)h(ky) = h(xk)h(xyk) for all x, y, k ∈ S \ {e}, x 6= y, x 6= k, y 6= k.
Comparing the last two identities we get h(xy) = h(ky) or equivalently
h(x) = t and f(x, x) = t4 with a fixed element t ∈ A for all x ∈ S \ {e}.
Conversely, if h(x) = t and f(x, x) = t4, but t2 /∈ Z(A), then identity
(6.8) holds for all x, y, k ∈ S and α ∈ A. Hence L satisfies the right Bol
identity.
A Steiner-like right Bol loop L does not need to be left alternative as the
following examples show. Let A be a finite simple group which is not iso-
morphic to one of the following groups: PSL(2, 2n), n > 1, PSL(2, q), q ≡ 3
or 5 (mod 8), q > 3, the Janko group of order 175560, a group of Ree type
of order q3(q − 1)(q3 + 1), where q = 32k+1, k ≥ 1. Then A contains an
element u of order 4 (cf. [15], Theorem I and [5], Kapitel II, Satz 8.2 and
8.10). Putting h(x) = u for all x ∈ S \ {e} we obtain a right Bol loop L
which is not left alternative and has exponent 4 since f(x, x) = 1.
Proposition 6.9. A Steiner-like loop L has the automorphic inverse prop-
erty if and only if the group A is commutative and identity (5.25) of Propo-
sition 5.5 holds.
Proof. As x−1 = x for all x ∈ S Proposition 3.5 in [11], p. 764, yields that
the Steiner-like loop L satisfies identity (2.7) if and only if the group A is
commutative and identity
f(y, y)f(x, x)f(xy, xy)−1 = f(x, y)2
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holds. Using the function h we obtain identity (5.25) of Proposition 5.5 and
the assertion follows.
Any Steiner-like loop L satisfying the automorphic inverse property is com-
mutative. Every Steiner-like loop L having the cross inverse property satis-
fies the automorphic inverse property. There are loops L having the auto-
morphic inverse property but not the cross inverse property. This is the case
if one chooses in identities (5.26) of Proposition 5.5 for an element x ∈ S\{e}
the element ρx 6= 1.
Proposition 6.10. A Steiner-like loop L has the weak inverse property if
and only if the set {f(x, y); x, y ∈ S} is contained in the centre of A and for
all x ∈ S \ {e} one has f(x, x) = sh(x) = h(x)s, where s is a fixed element
of A.
Proof. First we assume that identity (2.8) holds, which means that
(x, ξ)[(y, η)(z, α)] = (x(yz), f(x, yz)ξf(y, z)ηα) = (e, 1) (6.11)
is satisfied precisely if
[(x, ξ)(y, η)](z, α) = ((xy)z, f(xy, z)f(x, y)ξηα) = (e, 1) (6.12)
holds. Clearly x(yz) = e if and only if (xy)z = e. Hence we can write
z = xy. Therefore identity
f(x, x)ξf(y, xy)ηα = 1 (6.13)
is satisfied whenever identity
f(xy, xy)f(x, y)ξηα = 1 (6.14)
holds. The set {f(x, y); x, y ∈ S} is contained in the centre of A since for
loops having the weak inverse property the left, the middle and the right
nucleus coincide (cf. Theorem 1 in [12], p. 297). If identities (6.13) and
(6.14) are equivalent, then the identity
f(x, y)f(xy, xy) = f(y, xy)f(x, x)
holds for all x, y ∈ S. Using the function h this relation yields
f(xy, xy)h(xy)−1 = f(x, x)h(x)−1
for all x, xy ∈ S \ {e}. Hence for all x ∈ S \ {e} one has f(x, x) = sh(x) =
h(x)s with a fixed element s of A.
Conversely, now we assume that for all x, y ∈ S the set {f(x, y); x, y ∈
S} is contained in the centre of A and for all x ∈ S \ {e} one has f(x, x) =
sh(x). We have to prove the equivalence of identities (6.11) and (6.12). For
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Steiner loops the property x(yz) = e if and only if (xy)z = e is always true.
Hence it remains to prove the equivalence of identities (6.13) and (6.14).
This holds since
1 = f(x, x)ξf(y, xy)ηα = f(x, x)f(y, xy)ξηα =
sh(x)h(y)h(xy)ξηα = sh(xy)h(x)h(y)ξηα = f(xy, xy)f(x, y)ξηα = 1.
Every Steiner-like loop L which is alternative or which has the inverse prop-
erty has the weak inverse property. There are Steiner-like loops having the
weak inverse property but which are neither left alternative nor have the
left inverse property. This is the case if s 6= h(x)h(y)h(xy).
Corollary 6.11. Let L be a Steiner-like loop such that S = {e, x, y, xy} is
the elementary abelian group of order 4.
a) If L is right alternative or it has the right inverse property or it has the
weak inverse property, then L is a group if and only if L is alternative or it
has the inverse property.
b) If L has the automorphic inverse property, then L is an abelian group if
and only if L has the cross inverse property.
Proof. A loop L is a group precisely if L is left alternative (see Theorem 6.7).
Then the assertion follows from Propositions 6.2, 6.3, 6.4, 6.9, 6.10.
7 Variations of extension process (3.1)
A loop extension of type (3.1) with respect to the factor system f may be
also defined in such a way that the multiplication on the set S ×A is given
by
(x, ξ)(y, η) = (xy, ξf(x, y)η),
respectively
(x, ξ)(y, η) = (xy, ξηf(x, y)).
This yields loops L∗, respectively L∗∗ which coincide with the extension
given by multiplication (3.1) if and only if the set {f(x, y); x, y ∈ S} is
contained in the centre of A. Therefore, we have to compare loops L, L∗,
L∗∗ for which the set {f(x, y); x, y ∈ S} is not contained in the centre of A.
The left inverse of the element (x, ξ) in L∗, respectively in L∗∗ has the
form (x−1, ξ−1f(x−1, x)−1), respectively (x−1, f(x−1, x)−1ξ−1). The right
inverse of (x, ξ) in L∗, respectively in L∗∗ is (x−1, f(x, x−1)−1ξ−1), respec-
tively (x−1, ξ−1f(x, x−1)−1). Here is x−1 = x\e = e/x in S.
Hence for any element the left inverse coincides with the right inverse in a
loop L, L∗ and L∗∗ if and only if f(x−1, x) = ξ−1f(x, x−1)ξ for all x ∈ S
and ξ ∈ A.
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For L∗ the group A is contained in the left and in the right nucleus of L∗,
for L∗∗ the group A is contained in the left and in the middle nucleus of L∗∗.
The group A is never contained in the nucleus of L∗ as well as of L∗∗.
If for a loop L∗ the set {f(x, y); x, y ∈ S} is not contained in the centre of
A, then one checks easily that L∗ does not satisfy the following identities:
(2.1), (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.10). Hence any
such loop L∗ is far from the associativity.
If for a loop L∗∗ the set {f(x, y); x, y ∈ S} is not contained in the centre of
A, then it follows that L∗∗ does not satisfy the identities: (2.1), (2.3), (2.5),
(2.6), (2.7), (2.8), (2.10). Now we determine the conditions under which a
loop L∗∗ satisfies conditions (2.2), (2.4) and (2.9).
Proposition 7.1. A Steiner-like loop L∗∗ is left alternative or it satisfies
the left inverse property precisely if the set F = {f(z, z); z ∈ S} is contained
in the centre of A and identity (5.5) in Theorem 5.3 holds.
Proof. The loop L∗∗ satisfies identity (2.2) as well as identity (2.4) if and
only if
ηf(x, y)f(x, xy)η−1 = f(x, x)
holds for all x, y ∈ S, η ∈ A. With x = y we obtain that {f(x, x); x ∈ S}
is contained in the centre of A. Using the function h for x 6= y this identity
yields identity (5.5) in Theorem 5.3 and the assertion follows.
Proposition 7.2. Let L∗∗ be a proper Steiner-like loop.
a) If S = {e, x, y, xy} is the elementary abelian group of order 4, then the
loop L∗∗ satisfies the left Bol identity if and only if the range of h is commu-
tative, the set {f(x, x); x ∈ S} is contained in the centre of A and identity
(5.5) of Theorem 5.3 holds.
b) If the Steiner loop S has more than 4 elements, then the loop L∗∗ is
a left Bol loop precisely if S is an elementary abelian 2-group and for all
x ∈ S\{e} one has h(x) = t and f(x, x) = t4 with a fixed element t of A,
but t2 /∈ Z(A).
Proof. The loop L∗∗ is a left Bol loop if and only if the Steiner loop S ∼= L/A
is an elementary abelian 2-group (cf. Lemma 6.5) and for all x, y, k ∈ S and
α ∈ A the identity
f(y, x)f(x, xy)αf(y, k) = αf(x, k)f(y, xk)f(x, xyk) (7.1)
holds. Since every left Bol loop is left alternative, the set {f(x, x); x ∈ S}
is contained in the centre of A and identity (5.5) of Theorem 5.3 holds (cf.
Proposition 7.1). Using the function h and Lemma 5.2 a), putting k = e
and α = h(xy)−1 into (7.1) we obtain that the range of h is commutative.
Therefore, if |S| = 4 we obtain assertion a).
Now we assume that |S| > 4. Interchanging x and k in (7.1) we get
f(y, k)f(k, ky)αf(y, x) = αf(k, x)f(y, xk)f(k, xyk) (7.2)
22
for all x, y, k ∈ S, α ∈ A. The same consideration as in the proof of Propo-
sition 6.8 yields that h(x) = t and f(x, x) = t4 with a fixed element t ∈ A
for all x ∈ S \ {e}.
Conversely, if h(x) = t and f(x, x) = t4, but t2 /∈ Z(A), then identity
(7.1) holds for all x, y, k ∈ S and α ∈ A. Hence L is a left Bol loop.
8 Groups generated by translations
Let L be a Steiner-like loop. A left translation λ(a,α) : L→ L is the bijection
(x, ξ) 7−→ (a, α)(x, ξ) = (ax, f(a, x)αξ)
and a right translation ρ(a,α) : L→ L is the bijection
(x, ξ) 7−→ (x, ξ)(a, α) = (ax, f(x, a)ξα).
The group Gl generated by all left translations of L coincides with the
group Gr generated by all right translations of L if and only if the group
A is abelian. Namely if the element α is not contained in the centre of
A and ρ(e,α) is a product of left translations of L, then we have αξ = ξα
′
or ξ−1αξ = α′ for all ξ ∈ A with a suitable α′. Hence α = α′ and A is
commutative.
For all α ∈ A the map ια : (x, ξ) 7−→ (x, α
−1ξα) is an automorphism
of L if and only if the set {f(x, y);x, y ∈ S} is contained in the centre of A.
Proposition 8.1. Let L be a Steiner-like loop such that any ια is an au-
tomorphism of L and let Λ be the group generated by the set {ια, α ∈ A}.
Then the group G generated by all translations of L coincides with the group
generated by Gl and Λ.
Proof. One has ρ(a,α) = ιαλ(a,α) if and only if f(x, a) = f(a, x) for all
x, a ∈ S which is true since ια is an automorphism of L.
One has
[ρ−1(a,γ)ρ(e,α)ρ(a,γ)](x, ξ) = (x, ξγαγ
−1) = ρ(e,γαγ−1)(x, ξ).
As ρ(a,α) = ρ(e,α)ρ(a,1) it follows:
Proposition 8.2. Let L be a Steiner-like loop. Then the group Gr generated
by all right translations of L is an extension of A by the group Σ generated
by the set {ρ(a,1); a ∈ S}.
For the left translations of L one has
[λ−1(a,γ)λ(e,α)λ(a,γ)](x, ξ) = (x, γ
−1f(a, x)−1αf(a, x)γξ).
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To obtain an analogous result for the group Gl generated by all left trans-
lations of L we must suppose that the set {f(x, y); x, y ∈ S} is contained
in the centre of A. In this case we get [λ−1(a,γ)λ(e,α)λ(a,γ)] = λ(e,γ−1αγ). From
the fact that λ(a,α) = λ(a,1)λ(e,α) as well as from Propositions 6.1, 6.3, 6.4,
6.9, 6.10, 8.1 it follows:
Proposition 8.3. Let L be a Steiner-like loop. We assume that L has one
of the following properties:
a) L is flexible,
b) L is left alternative or it has the left inverse property,
c) L has the cross inverse property,
d) L has the automorphic inverse property,
e) L has the weak inverse property.
Then the group G generated by all translations of L coincides with the group
generated by Gl and Λ. Moreover, the group Gl is an extension of A by the
group Σ′ generated by the set {λ(a,1); a ∈ S}.
As an immediate consequence of Propositions 8.2 and 8.3 the following holds.
Proposition 8.4. Let L be a commutative Steiner-like loop. Then the group
G generated by all translations of L is a central extension of A by the group
Σ′ generated by the set {λ(a,1); a ∈ S}.
The group generated by the translations of a finite Steiner loop S of order
n > 3 contains often the alternating group of degree n. This is for instance
the case if the order of any product of two different translations of the Steiner
triple system corresponding to S is odd (cf. [13], Theorem).
9 Isomorphisms
Let (L1, ·) and (L2, ∗) be two loops of type (3.1) realized on the set S × A
by the multiplications (x, ξ) · (y, η) = (xy, f1(x, y)ξη) respectively (x, ξ) ∗
(y, η) = (xy, f2(x, y)ξη). We consider isomorphism α : L1 → L2 such that
(e, ξ)α = (e, ξα
′′
). For such an isomorphism α : L1 → L2 one has (x, 1)
α =
(xα
′
, ρ(xα
′
)), where ρ is a map from S onto A. Using this we have
(xα
′
, ξα
′′
ρ(xα
′
)) = (e, ξ)α ∗ (x, 1)α = [(e, ξ) · (x, 1)]α = (x, ξ)α =
[(x, 1) · (e, ξ)]α = (x, 1)α ∗ (e, ξ)α = (xα
′
, ρ(xα
′
)) ∗ (e, ξα
′′
) = (xα
′
, ρ(xα
′
)ξα
′′
).
Hence every element ρ(xα) lies in the centre of A. Moreover, one has
((xy)α
′
, ρ((xy)α
′
)f1(x, y)
α′′ξα
′′
ηα
′′
) = [(x, ξ) · (y, η)]α = (x, ξ)α ∗ (y, η)α =
(xα
′
, ρ(xα
′
)ξα
′′
) ∗ (yα
′
, ρ(yα
′
)ηα
′′
) = (xα
′
yα
′
, f2(x
α′ , yα
′
)ρ(xα
′
)ξα
′′
ρ(yα
′
)ηα
′′
)
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for all x, y ∈ S and ξ, η ∈ A. It follows α′ is an automorphism of the loop
S, α′′ is an automorphism of A and for all x, y ∈ S identity
f1(x, y)
α′′ = ρ((xy)α
′
)−1ρ(xα
′
)ρ(yα
′
)f2(x
α′ , yα
′
) (9.1)
holds. This discussion yields the following
Proposition 9.1. Let (L1, ·) and (L2, ∗) be two loops of type (3.1) belong-
ing to the functions f1 respectively f2. The map β : L1 → L2, (x, ξ) 7→
(xα
′
, ρ(xα
′
)ξα
′′
) defines an isomorphism of L1 onto L2 mapping the group
A onto itself if and only if α′ is an automorphism of the loop S, α′′ is an
automorphism of A, for the map ρ : S → A with ρ(e) = 1 ∈ A one has that
the set {ρ(xα
′
); x ∈ S, α′ ∈ Aut(S)} is contained in the centre of A and for
all x, y ∈ S identity (9.1) holds.
Let (S, h) be a weighted Steiner loop. Putting x = y into (9.1) we obtain
f1(x, x)
α′′f2(x
α′ , xα
′
)−1 = ρ(xα
′
)2 = f2(x
α′ , xα
′
)−1f1(x, x)
α′′ . (9.2)
Since the Steiner loop S is commutative from (9.1) we get
f1(y, x)
α′′ = ρ((xy)α
′
)−1ρ(xα
′
)ρ(yα
′
)f2(y
α′ , xα
′
)
for all x, y ∈ S. If x 6= y ∈ S \ {e}, then using the functions hi, i = 1, 2,
from (9.1), respectively from the last identity it follows identity
h1(x)
α′′h1(y)
α′′ = ρ((xy)α
′
)−1ρ(xα
′
)ρ(yα
′
)h2(x
α′)h2(y
α′), (9.3)
respectively
h1(y)
α′′h1(x)
α′′ = ρ((xy)α
′
)−1ρ(xα
′
)ρ(yα
′
)h2(y
α′)h2(x
α′).
Comparing these two identities one has
[h1(y), h1(x)]
α′′ = [h2(y
α′), h2(x
α′)]. (9.4)
Hence we have the following
Corollary 9.2. Let L1 and L2 be two Steiner-like loops with respect to the
functions f1(x, y), respectively f2(x, y). The mapping β : L1 → L2; (x, ξ) 7→
(xα
′
, ρ(xα
′
)ξα
′′
) is an isomorphism of L1 onto L2 mapping the group A onto
itself if and only if α′ is an automorphism of the Steiner loop S, α′′ is an
automorphism of A, the set {ρ(xα
′
); x ∈ S, α′ ∈ Aut(S)} is contained in the
centre of A, for all x ∈ S identities (9.2) and for all x, y ∈ S \ {e}, x 6= y
identity (9.3) are satisfied. Moreover, if β : L1 → L2 is an isomorphism,
then identity (9.4) holds.
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Now we consider isomorphisms β from the Steiner-like loop L1 onto the
Steiner-like loop L2 such that the corresponding Steiner loop S has more
than 2 elements and such that β induces on the factor loop Li/A ∼= S as well
as on the group A the identity. In this case α′′ = α′ = 1 and identities (9.2)
and (9.3) yield that if L1 and L2 are isomorphic, then for all x, y ∈ S \ {e},
x 6= y, we have the following identity:
h1(y)
−1h1(x)
−1h1(y)
−1h1(x)
−1h2(x)h2(y)h2(x)h2(y) =
f1(xy, xy)f2(xy, xy)
−1f1(x, x)
−1f2(x, x)f1(y, y)
−1f2(y, y).
The last identity is automatically satisfied if one of the following prop-
erties holds:
a) both loops are left alternative or have the left inverse property,
b) both loops have the cross inverse property,
c) both loops have the automorphic inverse property,
d) both loops have the weak inverse property and for all x, y ∈ S identity
h1(x)h1(y)h1(xy) = h2(x)h2(y)h2(xy) = c holds with a fixed element c ∈ A.
10 Automorphisms
If (L1, ·) = (L2, ∗) in Section 9 we obtain automorphism of loops of type
(3.1). Hence Proposition 9.1 yields the first part of the following
Proposition 10.1. Let L be a loop of type (3.1). A mapping α : L → L
defined by (x, ξ)α = (xα
′
, ρ(xα
′
)ξα
′′
) is an automorphism of L if and only if
α′ is an automorphism of the loop S, α′′ is an automorphism of the group
A, for the map ρ : S → A with ρ(e) = 1 one has that the set {ρ(xα
′
); x ∈
S, α′ ∈ Aut(S)} is contained in the centre Z(A) of A and for all x, y ∈ S
identity
f(x, y)α
′′
= ρ((xy)α
′
)−1ρ(xα
′
)ρ(yα
′
)f(xα
′
, yα
′
) (10.1)
holds. The map ρ : S → Z(A), x 7→ ρ(x) is a homomorphism from S
into Z(A) if and only if there are α′ ∈ Aut(S), α′′ ∈ Aut(A) such that
f(x, y)α
′′
= f(xα
′
, yα
′
) for all x, y ∈ S.
Proof. The last assertion is a direct consequence of identity (10.1).
The kernel of the homomorphism ρ contains the derived subloop S′ of the
loop S since S′ is the smallest subloop of S such that S/S′ is abelian.
Conversely, any homomorphism ρ from S into the centre Z(A) deter-
mines an automorphism of L which is the mapping βρ : (x, ξ) 7→ (x, ρ(x)ξ).
The set of these automorphisms forms the normal subgroup Ψ of the auto-
morphism group Γ of L which consists of automorphisms inducing on S as
well as on A the identity. The group Ψ is commutative.
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Moreover, let α′ be an automorphism of S such that f(xα
′
, yα
′
) = f(x, y)
for all x, y ∈ S. Then the elements βα′ : (x, ξ)→ (x
α′ , ξ) form a subgroup Σ1
of the automorphism group Γ of L. Let α′′ be an automorphism of A such
that f(x, y) = f(x, y)α
′′
for all x, y ∈ S. Then the elements βα′′ : (x, ξ) 7→
(x, ξα
′′
) form a subgroup Σ2 of the automorphism group Γ of L.
Let α′ be an automorphism of S and let α′′ be an automorphism of A
such that f(xα
′
, yα
′
) = f(x, y)α
′′
for all x, y ∈ S. Any such pair (α′, α′′)
determines an automorphism of L, namely βα′,α′′ = βα′βα′′ = βα′′βα′ :
(x, ξ) 7→ (xα
′
, ξα
′′
). The set of these automorphisms forms a group Σ such
that Ψ ∩ Σ = {1}.
If (L1, ·) = (L2, ∗) Corollary 9.2 yields the following
Corollary 10.2. Let L be a Steiner-like loop. The map β : L → L defined
by (x, ξ)β = (xα
′
, ρ(xα
′
)ξα
′′
) is an automorphism of L if and only if for all
x ∈ S identity
ρ(xα
′
)2f(xα
′
, xα
′
) = f(x, x)α
′′
(10.2)
and for all x, y ∈ S \ {e}, x 6= y identity
ρ((xy)α
′
)−1ρ(xα
′
)ρ(yα
′
)h(xα
′
)h(yα
′
) = h(x)α
′′
h(y)α
′′
(10.3)
hold. Moreover, if β is an automorphism of L, then one has
[h(x), h(y)]α
′′
= [h(xα
′
), h(yα
′
)].
Corollary 10.3. Let L be a Steiner-like loop.
(a) The normal subgroup Ψ of the automorphism group Γ of L is an ele-
mentary abelian 2-group.
(b) Assume that ρ : S → Z(A) is a homomorphism and S has more than 2
elements. Then the map β : L → L defined by (x, ξ)β = (xα
′
, ρ(xα
′
)ξα
′′
) is
an automorphism of L if and only if for all x ∈ S \ {e} identities
f(x, x)α
′′
= f(xα
′
, xα
′
) and c h(xα
′
) = h(xα
′
)c−1 = h(x)α
′′
are satisfied, where c is a suitable element of A.
Proof. Since for all x ∈ S \ {e} one has o(x) = 2 and ρ : S → Z(A) is a
homomorphism any element ρ(x) has order at most 2. Therefore id 6= βρ ∈ Ψ
is an involution and (a) holds.
As for all x ∈ S the element ρ(x) has order at most 2 identity (10.2)
yields the first identity of the Corollary and identity (10.3) reduces to
[h(x)α
′′
]−1h(xα
′
) = h(y)α
′′
[h(yα
′
)]−1 = c (10.4)
for all y 6= x ∈ S \{e}. Let z be an element of S \{e, x, y}. Then replacing y
by z, respectively x by z in (10.4) we obtain h(z)α
′′
= ch(zα
′
), respectively
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h(zα
′
) = h(z)α
′′
c. Comparing the last equations we get h(zα
′
) = ch(zα
′
)c
for all z ∈ S \ {e}.
Conversely, let f(x, x)α
′′
= f(xα
′
, xα
′
) and
[h(x)α
′′
]−1h(xα
′
) = h(x)α
′′
h(xα
′
)−1 = c
for all x ∈ S \{e}. Since ρ is a homomorphism ρ(S) is an elementary abelian
2-group. Hence the identity f(x, x)α
′′
= f(xα
′
, xα
′
) in the Corollary yields
identity (10.2) and identity (10.3) reduces to h(x)α
′′
h(y)α
′′
= h(xα
′
)h(yα
′
).
Putting in this identity h(x)α
′′
= ch(xα
′
) we get ch(xα
′
)c = h(xα
′
) which is
true because of (10.4).
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